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center of mass and centroids 



Center of mass and 

centroids: 

 

1.Center of Mass : 





Consider a three – dimensional body of any 

size  and shape , having a mass  m. if we 

suspended the body , as shown in fig. above  

from any point such as A , The body will be in 

equilibrium  under the action   of the tension in 

the cord and the resultant  W of the 

gravitational forces  acting on all particles  of 

the body. 

We repeat the experiment by suspending the 

body from other points such as B  and C . 



For all practical purposes these lines  of 

action  will be concurrent at a single point G 

, which  is called  the center of gravity of the 

body. We deal with bodies whose 

dimensions are small compared with those 

of the earth .  

We assume a uniform and parallel force field  
due to the gravitational  attraction of the earth 
, and this assumption results in the concept  of 
a unique center of gravity  



Product:The Cross  



 In some two-dimensional and many 

of the three-dimensional problems to 

follow, it is convenient to use a 

vector approach for moment 

calculations. The moment of F about 

point A of Figure  may be 

represented by the cross-product 

expression: 

                           M=r x F 



 where  r is a position vector which 

runs from the moment reference 

point A to any point on the line of 

action of F. The magnitude of this 

expression is given by:  

                 M= F r sin α = F d 

 which agrees with the moment 

magnitude  



Determining the center of Gravity: 
  



To determine mathematically  the location of the center 

of gravity of any body,( Fig. a ),We apply the principle of 

moments to parallel system of gravitational forces. The 

moment of  the resultant gravitational force  W about  

any axis equals the sum of the moments about the same 

axis of the gravitational forces dW acting on all particles 

treated as infinitesimal  elements of the body .  



.The resultant of  the gravitational 

forces acting of elements  is the 

weight of the body  and is given by 

the sum   

      W =  𝒅𝑾 

If we apply the moment principle  

about the y-axis, for example , the 

moment about  this axis of the 

elemental weight  is x dW , and the 

sum of these  elements of the body is  

for    𝒙𝒅𝑾 .This  sum of moments 

must equal WX , the moment  of the 

sum. 

Thus  , 



 X W= 𝒙𝒅𝑾  ……..(1) 

  

With similar expressions for the other 

two components, we may express the 

coordinates of the center of gravity G as: 
  

for all elements of the body is :   𝒙𝒅𝑾 .This  

sum of moments must equal WX , the moment  of 

the sum. Thus: 

 

 



              X= 
 𝒙𝒅𝑾

𝑾 
   ……..(2a) 

             y= 
 𝒚𝒅𝑾

𝑾 
 ………..(2b) 

              Z= 
 𝒛𝒅𝑾

𝑾 
 ………  (2c) 

  

The numerator represents the sum of 

the moments. 

Subs. W= mg, and  dW = g dm 



               X= 
 𝒙𝒅𝒎

𝒎 
       ………(3a) 

  

             y= 
 𝒚𝒅𝒎

𝒎 
      ………   (3b) 

  

              Z= 
 𝒛𝒅𝒎

𝒎 
  …………..(3c)  

Eq.'s (3a,b,c) expressed in vector form with the aid of 

fig.b, 

The mass center G are located  by their respective 

position  vectors  : 



            r = 
 𝒓𝒅𝒎

𝒎
  ……………….(4) 

 The density p of a body is its mass per 

unit volume. Then, dm = p dV 

                 X= 
 𝒙𝒑𝒅𝑽

 𝒑𝒅𝑽 
 ……….(5a) 

                y= 
 𝒚𝒑𝒅𝑽

 𝒑𝒅𝑽 
 ……….(5b) 

                Z= 
 𝒛𝒑𝒅𝑽

 𝒑𝒅𝑽 
 ……….(5c) 



1.Centroids of Lines ,Area ,and Volumes: 

a.Lines: For a slender rod  or wire of 

length L, area A  

d m = p A dL 

𝐴 = 𝜋𝑟2 

if p , A  : constant ,then, 

  





              X= 
 𝒙𝒅𝑳

𝑳 
       ………(6a) 

  

             y= 
 𝒚𝒅𝑳

𝑳 
      ………   (6b) 

  

              Z= 
 𝒛𝒅𝑳

𝑳 
  …………..(6c) 



a.Areas:    dm= p t dA 

                       if p,t : constant 
  



             X= 
 𝒙𝒅𝑨

𝑨
       ………(7a) 

  

             y= 
 𝒚𝒅𝑨

𝑨
      ………   (7b) 

  

              Z= 
 𝒛𝒅𝑨

𝑨 
  …………..(7c) 



a. Volumes:        

             X= 
 𝒙𝒅𝑽

𝑽
       ………(8a) 

  

             y= 
 𝒚𝒅𝑽

𝑽
      ………   (8b) 

  

              Z= 
 𝒛𝒅𝑽

𝑽 
  …………..(8c) 

  

  

  



the centroid of  locate: Example 
the area under the curve  x= ky3  
from x=0 to x=a ?  



Solution(1): Vertical 



A vertical element of area: 

              dA = y dx  

is chosen as shown in the Figure 

.The x-coordinate of the centroid is 

found from the first of equations : 

            A x =  𝒙 𝒅𝑨  



𝒙   𝒚 𝒅𝒙 =   
𝒙𝒚𝒅𝒙𝒂

𝟎

𝒂

𝟎
 

 Subs.  Y=( x/k)1/3 

  

And ,  k= a/b3 

 

 -Integrating  , give us , 

  

  

  

  

(3ab/4) x = 3a2b/7  



𝒙  = 4a/7 ……………………..1 

  

In the solution  for y  from the  yc =y /2, 

Where, y is the height of the strip   governed  the eq. of the 

curve  x= ky3 , 

Then ,  

 A𝒚  =  𝒚𝒄 dA 

  

(3ab/4) y =  
𝒚

𝟐
𝒚𝒅𝒙

𝒂

𝟎
 



Subs. 

 Y= b (x/a)1/3  and integrating  give : 

  

(3ab/4)y = 3ab2/10 

  

 Y = 2b/5 

 X = 4a/7 



Solution .2 Horizontal  ( H.W.5) 

The horizontal element of area shown in figure  may be 

employed  in place of the vertical element . 

  

  

  



The x-coordinate to the centroid of 

the rectangular  element is seen  to be  

 xc =x+1/2 (a-x) = (a+x)/2 ,  

is simply  the average  of the 

coordinates  a  and  x of the end of 

the strip . Hence ,  

  

A x =  𝒙𝒄 𝒅𝑨  



  

X  𝑎 − 𝑥 𝑑𝑦 
𝑏

0
=  

𝑎+𝑥

2
 𝑑𝑦

𝑏

0
   

 𝑥 = ?? 

The value  of y is found  from :   

A y =  𝑦𝑐  𝑑𝐴  =  𝑎 − 𝑥 𝑑𝑦 
𝑏

0
 

  

Where yc = y for the horizontal  strip. 
  


