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Second Semester/ Mathematics 

 

2. Functions of Two or more Variable and their Derivatives 

2.1 Functions of Several Variables 

Suppose D is a set of n-tuples of real numbers (x1, x2, . . . , xn). 

A real-valued function ƒ on D is a rule that assigns a unique (single) real number 

w = ƒ(x1, x2, . . . , xn) 

to each element in D. The set D is the function’s domain. The set of w-values taken on by ƒ is the function’s 

range. The symbol w is the dependent variable of ƒ, and ƒ is said to be a function of the n independent 

variables x1 to xn. We also call the xj’s the function’s input variables and call w the function’s output 

variable. 

 

2.1.1 Domains and Ranges 

 

 

 

2.1.2 Functions of Two Variables 

A region in the plane is bounded if it lies inside a disk of finite radius. A region is unbounded if it is not 

bounded. 
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Example: 

Describe the domain of the function  

Solution: 

y - x2 ≥ 0, the domain is the closed, unbounded region shown in Figure. The parabola  

y = x2 is the boundary of the domain. The points above the parabola make up the domain’s interior. 

 

 

2.1.3 Graphs, Level Curves, and Contours of Functions of Two Variables 

The set of points in the plane where a function ƒ(x, y) has a constant value ƒ(x, y) = c is called a level curve 

of ƒ. The set of all points (x, y, ƒ(x, y)) in space, for (x, y) in the domain of ƒ, is called the graph of ƒ. The 

graph of ƒ is also called the surface z = ƒ(x, y). 

 

Example: 

Graph ƒ(x, y) = 100 - x2 - y2 and plot the level curves ƒ(x, y) = 0, 

ƒ(x, y) = 51, and ƒ(x, y) = 75 in the domain of ƒ in the plane. 

Solution:  

ƒ(x, y) = z = 100 - x2 - y2,  
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the positive portion of which is shown in Figure. 

The level curve ƒ(x, y) = 0 is the set of points in the xy-plane at which 

ƒ(x, y) = 100 - x2 - y2 = 0,        or        x2 + y2 = 100, 

which is the circle of radius 10 centered at the origin. Similarly, the level curves 

ƒ(x, y) = 51 and ƒ(x, y) = 75 (Figure) are the circles 

ƒ(x, y) = 100 - x2 - y2 = 51,       or      x2 + y2 = 49 

ƒ(x, y) = 100 - x2 - y2 = 75,       or      x2 + y2 = 25. 

The level curve ƒ(x, y) = 100 consists of the origin alone. (It is still a level curve.) 

If x2 + y2 > 100, then the values of ƒ(x, y) are negative. For example, the circle 

x2 + y2 = 144, which is the circle centered at the origin with radius 12, gives the constant value  

ƒ(x, y) = -44 and is a level curve of ƒ. 

 

 

2.1.4 Functions of Three Variables 

The set of points (x, y, z) in space where a function of three independent variables has a constant value ƒ(x, 

y, z) = c is called a level surface of ƒ. 

 

Example: 

Describe the level surfaces of the function 
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Solution: 

 

 

 

 

 

 

 

2.2 Limits and Continuity in Higher Dimensions 

2.2.1 Limits for Functions of Two Variables 

We say that a function ƒ(x, y) approaches the limit L as (x, y) approaches (x0 , y0), and write 

 

THEOREM 1—Properties of Limits of Functions of Two Variables 

The following rules hold if L, M, and k are real numbers and 
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Example: 

 

Solution: 

 

 

2.2.2 Continuity 

As with functions of a single variable, continuity is defined in terms of limits. 

A function ƒ(x, y) is continuous at the point (x0 , y0) if 
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Example: 

Show that 

 

is continuous at every point except the origin (Figure). 

 

Solution: 

The function ƒ is continuous at every point (x, y) except (0, 0) because its values at points other than (0, 0) 

are given by a rational function of x and y, and therefore at those points the limiting value is simply obtained 

by substituting the values of x and y into that rational expression. 

At (0, 0), the value of ƒ is deined, but ƒ has no limit as (x, y) S(0, 0). The reason is that diferent paths of 

approach to the origin can lead to diferent results, as we now see. 

For every value of m, the function ƒ has a constant value on the “punctured” line 

 

This limit changes with each value of the slope m. There is therefore no single number we may call the limit 

of ƒ as (x, y) approaches the origin. The limit fails to exist, and the function is not continuous at the origin. 

 

2.2.3 Continuity of Compositions 

If ƒ is continuous at (x0 , y0) and g is a single-variable function continuous at 

ƒ(x0 , y0), then the composition h = g ∘ f defined by h(x, y) = g(ƒ(x, y)) is continuous 
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at (x0, y0). 

 

 

 

2.2.4 Functions of More Than Two Variables 

Functions like 

 

 

2.3 Partial Derivatives 

2.3.1 Partial Derivatives of a Function of Two Variables 

The partial derivative of ƒ(x, y) with respect to x at the point (x0 , y0) is 

 

provided the limit exists. 

 

The partial derivative of ƒ(x, y) with respect to y at the point (x0 , y0) is 

 

provided the limit exists. 

 

    Example: 
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    Example: 

    Example: 

    Example: 
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    Example: 
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2.3.2 Functions of More Than Two Variables 

 

 

2.3.3 Partial Derivatives and Continuity 

 

 

Example: 

Check ƒ is continuous at (x0 , y0) where, 

 

Solution: 

    Example: 
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2.3.4 Second-Order Partial Derivatives 

 

 

 

    Example: 

    Example: 
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2.3.5 Partial Derivatives of Still Higher Order 

 

 

2.4 The Chain Rule 

2.4.1 Functions of Two Variables 

If w = ƒ(x, y) is diferentiable and if x = x(t), y = y(t) are diferentiable functions of t, then the composition w = 

ƒ(x(t), y(t)) is a diferentiable function of t and 

 

 

    Example: 
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2.4.2 Functions of Three Variables 

If w = ƒ(x, y, z) is diferentiable and x, y, and z are diferentiable functions of t, then w is a diferentiable 

function of t and 

 



AL-MAAQAL UNIVERSITY 
College Engineering/Department Civil Eng. 

sinLectures/Second Year                                                                                            Dr. jasim Moh sMathematic 
 
 

 

 

 

 

2.4.3 Chain Rule for Two Independent Variables and Three Intermediate Variables 

Suppose that w = ƒ(x, y, z), x = g(r, s), y = h(r, s), and z = k(r, s). If all four functions are diferentiable, then 

w has partial derivatives with respect to r and s, given by the formulas 
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2.4.4 A Formula for Implicit Diferentiation 
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Suppose that F(x, y) is diferentiable and that the equation F(x, y) = 0 deines y as a diferentiable function of x. 

Then at any point where Fy ≠ 0, 

 

Suppose that the equation F(x, y, z) = 0 defines the variable z implicitly as a function z = ƒ(x, y). 

Where Fz ≠ 0,  

 

 

 

 

 

 

 

2.5 Directional Derivatives and Gradient Vectors 

2.5.1 Calculation and Gradients 

The gradient vector (or gradient) of ƒ(x, y) is the vector 

 

The value of the gradient vector obtained by evaluating the partial derivatives at a point P0(x0, y0) is written 
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The Directional Derivative Is a Dot Product 

If ƒ(x, y) is diferentiable in an open region containing P0(x0 , y0), then 
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2.5.2 Gradients and Tangents to Level Curves 

Tangent Line to a Level Curve: 

ƒx(x0, y0) (x - x0) + ƒy(x0, y0) ( y - y0) = 0 

Algebra Rules for Gradients: 
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2.5.3 Functions of Three Variables 

For a differentiable function ƒ(x, y, z) and a unit vector u = u1i + u2j + u3k in space, we have 
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2.6 Tangent Planes and Differentials 

2.6.1 Tangent Planes and Normal Lines 

The tangent plane to the level surface ƒ(x, y, z) = c of a differentiable function ƒ at a point P0 where the 

gradient is not zero is the plane through P0 normal to  

The normal line of the surface at P0 is the line through P0 parallel to  
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Plane Tangent to a Surface z = ƒ(x, y) at (x0 , y0 , ƒ(x0 , y0)) 

The plane tangent to the surface z = ƒ(x, y) of a differentiable function ƒ at the point P0(x0 , y0 , z0) = (x0 , y0 , 

ƒ(x0 , y0)) is 

ƒx(x0 , y0)(x - x0) + ƒy(x0 , y0)( y - y0) - (z - z0) = 0. 
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2.6.2 Estimating the Change in ƒ in a Direction u 

To estimate the change in the value of a differentiable function ƒ when we move a small distance ds from a 

point P0 in a particular direction u, use the formula 
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2.6.3 Linearize a Function of Two Variables 

The linearization of a function ƒ(x, y) at a point (x0 , y0) where ƒ is differentiable is the function 

L(x, y) = ƒ(x0 , y0) + ƒx(x0 , y0)(x - x0) + ƒy(x0 , y0)( y - y0). 

The approximation 

ƒ(x, y) ≈ L(x, y) 

is the standard linear approximation of ƒ at (x0 , y0). 
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2.6.4 The Error in the Standard Linear Approximation 

If ƒ has continuous first and second partial derivatives throughout an open set containing a rectangle R 

centered at (x0, y0) and if M is any upper bound for the values of  on R, then the error E(x, 

y) incurred in replacing ƒ(x, y) on R by its linearization 

L(x, y) = ƒ(x0 , y0) + ƒx(x0 , y0)(x - x0) + ƒy(x0 , y0)( y - y0) 

satisfies the inequality 

 

 

2.6.5 Differentials 

If we move from (x0, y0) to a point (x0 + dx, y0 + dy) nearby, the resulting change 

dƒ = ƒx(x0, y0) dx + ƒy(x0, y0) dy 

in the linearization of ƒ is called the total differential of ƒ. 
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2.6.6 Functions of More Than Two Variables 

Analogous results hold for differentiable functions of more than two variables. 
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2.7 Extreme Values and Saddle Points 

2.7.1 Derivative Tests for Local Extreme Values 

Let ƒ(x, y) be defined on a region R containing the point (a, b). Then 

1. ƒ(a, b) is a local maximum value of ƒ if ƒ(a, b) ≥ ƒ(x, y) for all domain points (x, y) in an open disk 

centered at (a, b). 

2. ƒ(a, b) is a local minimum value of ƒ if ƒ(a, b) ≤ ƒ(x, y) for all domain points (x, y) in an open disk 

centered at (a, b). 

 

 

2.7.2 First Derivative Test for Local Extreme Values 

If ƒ(x, y) has a local maximum or minimum value at an interior point (a, b) of its domain and if the first 

partial derivatives exist there, then ƒx(a, b) = 0 and ƒy(a, b) = 0. 

An interior point of the domain of a function ƒ(x, y) where both ƒx and ƒy are zero or where one or both of 

ƒx and ƒy do not exist is a critical point of ƒ. 
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A differentiable function ƒ(x, y) has a saddle point at a critical point (a, b) if in every open disk centered at 

(a, b) there are domain points (x, y) where ƒ(x, y) > ƒ(a, b) and domain points (x, y) where ƒ(x, y) < ƒ(a, b). 

The corresponding point (a, b, ƒ(a, b)) on the surface z = ƒ(x, y) is called a saddle point of the surface. 
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2.7.3 Second Derivative Test for Local Extreme Values 

Suppose that ƒ(x, y) and its first and second partial derivatives are continuous throughout a disk centered at 

(a, b) and that ƒx(a, b) = ƒy(a, b) = 0. Then 

i) ƒ has a local maximum at (a, b) if ƒxx < 0 and ƒxx ƒyy - ƒxy2 > 0 at (a, b). 

ii) ƒ has a local minimum at (a, b) if ƒxx > 0 and ƒxx ƒyy - ƒxy2 > 0 at (a, b). 

iii) ƒ has a saddle point at (a, b) if ƒxx ƒyy - ƒxy2 < 0 at (a, b). 

iv) the test is inconclusive at (a, b) if ƒxx ƒyy - ƒxy2 = 0 at (a, b). In this case, 

we must ind some other way to determine the behavior of ƒ at (a, b). 
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2.7.4 Absolute Maxima and Minima on Closed Bounded Regions 

We organize the search for the absolute extrema of a continuous function ƒ(x, y) on a closed and bounded 

region R into three steps. 

1. List the interior points of R where ƒ may have local maxima and minima and evaluate ƒ at these points. 

These are the critical points of ƒ. 

2. List the boundary points of R where ƒ has local maxima and minima and evaluate ƒ at these points. We 

show how to do this in the next example. 

3. Look through the lists for the maximum and minimum values of ƒ. These will be the absolute maximum 

and minimum values of ƒ on R. 

 

 



AL-MAAQAL UNIVERSITY 
College Engineering/Department Civil Eng. 

sinLectures/Second Year                                                                                            Dr. jasim Moh sMathematic 
 
 

 

 



AL-MAAQAL UNIVERSITY 
College Engineering/Department Civil Eng. 

sinLectures/Second Year                                                                                            Dr. jasim Moh sMathematic 
 
 

 
 

 



AL-MAAQAL UNIVERSITY 
College Engineering/Department Civil Eng. 

sinLectures/Second Year                                                                                            Dr. jasim Moh sMathematic 
 
 

so (18, 18) gives a maximum volume. The dimensions of the package are x = 108 - 2(18) - 2(18) = 36 in., y 

= 18 in., and z = 18 in. The maximum volume is V = (36)(18)(18) = 11,664 in3, or 6.75 ft3. 
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3. Multiple Integrals 

In this chapter we define the double integral of a function of two variables ƒ(x, y) over a region in the plane 

as the limit of approximating Riemann sums. Just as a single integral can represent signed area, so can a 

double integral represent signed volume. We can sometimes use polar coordinates. 

We also deine triple integrals for a function of three variables ƒ(x, y, z) over a region in space. Triple 

integrals can be used to find volumes of still more general regions in space, and their evaluation is like that 

of double integrals with yet a third evaluation. Cylindrical or spherical coordinates can sometimes be used 

to simplify the calculation of a triple integral, and we investigate those techniques. 

3.1 Double and Iterated Integrals over Rectangles 

 3.1.1 Double Integrals 

We begin our investigation of double integrals by considering the simplest type of planar region, a rectangle. 

We consider a function ƒ(x, y) defined on a rectangular region R, 

 

We subdivide R into small rectangles using a network of lines parallel to the x- and y-axes 
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3.1.2 Fubini’s Theorem (First Form) 

If ƒ(x, y) is continuous throughout the rectangular region R: a ≤ x ≤ b, c ≤ y ≤ d, then 
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Example:  

Find the volume of the region bounded above by the elliptical paraboloid z = 10 + x2 + 3y2 and below by the 

rectangle R: 0 ≤ x ≤ 1, 0 ≤ y ≤ 2. 

Solution:  

The surface and volume are shown in Figure. The volume is given by the double integral 

 

 

 

3.1.3 Fubini’s Theorem (Stronger Form) 

Let ƒ(x, y) be continuous on a region R. 
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Example: 

Find the volume of the prism whose base is the triangle in the xy-plane bounded by the x-axis and the lines y 

= x and x = 1 and whose top lies in the plane 

z = ƒ(x, y) = 3 - x - y. 

Solution  

See Figure. For any x between 0 and 1, y may vary from y = 0 to y = x  (Figure b). Hence, 

 

 

 

Example: 

Calculate 
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where R is the triangle in the xy-plane bounded by the x-axis, the line y = x, and the line 

x = 1. 

Solution:  

The region of integration is shown in Figure. If we integrate first with respect to y and next with respect to x, 

then because x is held fixed in the first integration, we find 

 

 

 

3.1.4 Finding Limits of Integration 

We now give a procedure for finding limits of integration that applies for many regions in 

the plane. Regions that are more complicated, and for which this procedure fails, can often 

be split up into pieces on which the procedure works. 

Using Vertical Cross-Sections: When integrating first with respect to y and then with respect to x, do the 

following three steps: 

1. Sketch. Sketch the region of integration and label the bounding curves (Figure a). 

2. Find the y-limits of integration. Imagine a vertical line L cutting through R in the direction of increasing y. 

Mark the y-values where L enters and leaves. These are the y-limits of integration and are usually functions 

of x (instead of constants) (Figure b). 

3. Find the x-limits of integration. Choose x-limits that include all the vertical lines through R. The integral 

shown here (see Figure c) is 
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Using Horizontal Cross-Sections: To evaluate the same double integral as an iterated integral with the 

order of integration reversed, use horizontal lines instead of vertical lines in Steps 2 and 3 (see Figure). The 

integral is 

 

 

 

Example: 

Sketch the region of integration for the integral 

 

and write an equivalent integral with the order of integration reversed. 

Solution:  

The region of integration is given by the inequalities x2 ≤ y ≤ 2x and 0 ≤ x ≤ 2. It is therefore the region 

bounded by the curves y = x2 and y = 2x between x = 0 and x = 2 (Figure a). 

To find limits for integrating in the reverse order, we imagine a horizontal line passing from left to right 

through the region. It enters at x = y/2 and leaves at x = √𝑦. To include all such lines, we let y run from y = 0 

to y = 4 (Figure b). The integral is 
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3.1.5 Properties of Double Integrals 

Like single integrals, double integrals of continuous functions have algebraic properties that are useful in 

computations and applications. 

If ƒ(x, y) and g(x, y) are continuous on the bounded region R, then the following properties hold. 
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Example: 

Find the volume of the wedgelike solid that lies beneath the surface z = 16 - x2 - y2 and above the region R 

bounded by the curve y =2 √𝑥, the line y = 4x - 2, and the x-axis. 

Solution: 

 

          

 

3.2 Area by Double Integration 

3.2.1 Areas of Bounded Regions in the Plane 

The area of a closed, bounded plane region R is 
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Example:  

Find the area of the region R bounded by y = x and y = x2 in the first quadrant. 

Solution:  

We sketch the region (in Figure), noting where the two curves intersect at the origin and (1, 1), and calculate 

the area as 

 

 

 

Example:  

Find the area of the region R enclosed by the parabola y = x2 and the line y = x + 2. 

Solution: 

If we divide R into the regions R1 and R2 shown in Figure a, we may calculate the area as 

 

On the other hand, reversing the order of integration (Figure b) gives  

 

This second result, which requires only one integral, is simpler to evaluate, giving 
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Example:  

Find the area of the playing field described by 

, using 

(a) Fubini’s Theorem (b) Simple geometry. 

Solution: 

The region R is shown in Figure a. 

(a) From the symmetries observed in the igure, we see that the area of R is 4 times its area in the first 

quadrant. As shown in Figure b, a vertical line at x enters this part of the region at y = 0 and exits at y = 1 + 

√24 − 𝑥2. Therefore, using Fubini’s Theorem, we have 

 

(b) The region R consists of a rectangle mounted on two sides by half disks of radius 2. The area can be 

computed by summing the area of the 4 * 2 rectangle and the area of a circle of radius 2, so 

A = 8 + π22 = 8 + 4π. 
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3.2.2 Average Value 

 

Example:  

Find the average value of ƒ(x, y) = x cos xy over the rectangle 

R: 0 ≤ x ≤ π, 0 ≤ y ≤ 1. 

Solution:  

The value of the integral of ƒ over R is 

 

The area of R is π. The average value of ƒ over R is 2/π. 

 

3.3 Double Integrals in Polar Form 

Double integrals are sometimes easier to evaluate if we change to polar coordinates. This section shows how 

to accomplish the change and how to evaluate double integrals over regions whose boundaries are given by 

polar equations. 
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3.3.1 Finding Limits of Integration 

The procedure for finding limits of integration in rectangular coordinates also works for polar coordinates. 

We illustrate this using the region R shown in Figure. To evaluate  in polar coordinates, 

integrating first with respect to r and then with respect to u, take the following steps. 

1. Sketch. Sketch the region and label the bounding curves (Figure a). 

2. Find the r-limits of integration. Imagine a ray L from the origin cutting through R in the direction of 

increasing r. Mark the r-values where L enters and leaves R. These are the r-limits of integration. They 

usually depend on the angle θ that L makes with the positive x-axis (Figure b). 

3. Find the θ-limits of integration. Find the smallest and largest θ-values that bound R. 

These are the θ-limits of integration (Figure c). The polar iterated integral is 
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Example:  

Find the limits of integration for integrating ƒ(r, u) over the region R that lies inside the cardioid r = 1 + cos 

θ and outside the circle r = 1. 

Solution: 

1. We first sketch the region and label the bounding curves (Figure). 

2. Next we find the r-limits of integration. A typical ray from the origin enters R where 

r = 1 and leaves where r = 1 + cos θ. 

3. Finally we find the θ-limits of integration. The rays from the origin that intersect R run 

from θ = -π/2 to θ = π/2. The integral is 

 

 

 

3.3.2 Area in Polar Coordinates 

The area of a closed and bounded region R in the polar coordinate plane is 

 

 

Example:  

Find the area enclosed by the lemniscate r2 = 4 cos 2θ. 

Solution:  

We graph the lemniscate to determine the limits of integration (Figure) and see from the symmetry of the 

region that the total area is 4 times the first-quadrant portion. 
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3.3.3 Changing Cartesian Integrals into Polar Integrals 

x = r cos θ and  

y = r sin θ, and  

dx dy = r dr dθ 

x2 + y2 = r2 

The Cartesian integral then becomes 

 

 

Example:  

Evaluate 

 

where R is the semicircular region bounded by the x-axis and the curve y = √1 −  𝑥2  (Figure). 

Solution: 
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Example:  

Evaluate the integral 

 

Solution:  

Integration with respect to y gives 

 

 

The region of integration in Cartesian coordinates is given by the inequalities  

0 ≤ y ≤ √1 −  𝑥2 and 0 ≤ x ≤ 1,  

which correspond to the interior of the unit quarter circle x2 + y2 = 1 in the first quadrant. (See Figure, first 

quadrant.) 

Substituting the polar coordinates x = r cos θ, y = r sin θ, 0 … θ … π/2, and 0 ≤ r ≤ 1, and replacing dy dx by 

r dr dθ in the double integral, we get 
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Example:  

Find the volume of the solid region bounded above by the paraboloid z = 9 - x2 - y2 and below by the unit 

circle in the xy-plane. 

Solution:  

The region of integration R is bounded by the unit circle x2 + y2 = 1, which is described in polar coordinates 

by r = 1, 0 ≤ θ ≤ 2π. The solid region is shown in Figure. The volume is given by the double integral 
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Example:  

Using polar integration, find the area of the region R in the xy-plane enclosed by the circle x2 + y2 = 4, above 

the line y = 1, and below the line y = √3x. 

Solution:  

A sketch of the region R is shown in Figure. First we note that the line y = √3x has slope √3 = tan θ, so θ = 

π/3. Next we observe that the line y = 1 intersects the circle x2 + y2 = 4 when x2 + 1 = 4, or x = √3. 

Moreover, the radial line from the origin through the point (√3, 1) has slope 1/√3 = tan θ, giving its angle of 

inclination as θ = π/6. This information is shown in Figure. 

Now, for the region R, as θ varies from π /6 to π /3, the polar coordinate r varies from the horizontal line y = 

1 to the circle x2 + y2 = 4. Substituting r sin θ for y in the equation for the horizontal line, we have r sin θ = 

1, or r = csc θ, which is the polar equation of the line. The polar equation for the circle is r = 2. So in polar 

coordinates, for π /6 ≤ θ ≤ π /3, r varies from r = csc θ to r = 2. It follows that the iterated integral for the 

area is 
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3.4 Triple Integrals in Rectangular Coordinates 

3.4.1 Volume of a Region in Space 

The volume of a closed, bounded region D in space is 

 

3.4.2 Finding Limits of Integration in the Order dz dy dx 

There is a geometric procedure for finding the limits of integration for these iterated integrals. 

To evaluate 

 

over a region D, integrate first with respect to z, then with respect to y, and finally with respect to x. (You 

might choose a different order of integration, but the procedure is similar) 

1. Sketch. Sketch the region D along with its “shadow” R (vertical projection) in the xy-plane. Label the 

upper and lower bounding surfaces of D and the upper and lower bounding curves of R. 

 

2. Find the z-limits of integration. Draw a line M passing through a typical point (x, y) in R parallel to the z-

axis. As z increases, M enters D at z = ƒ1(x, y) and leaves at z = ƒ2(x, y). These are the z-limits of 

integration. 
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3. Find the y-limits of integration. Draw a line L through (x, y) parallel to the y-axis. As y increases, L enters 

R at y = g1(x) and leaves at y = g2(x). These are the y-limits of integration. 

 

4. Find the x-limits of integration. Choose x-limits that include all lines through R parallel to the y-axis (x = 

a and x = b in the preceding figure). These are the x-limits of integration. The integral is 

 

 

Example:  

Let S be the sphere of radius 5 centered at the origin, and let D be the region under the sphere that lies above 

the plane z = 3. Set up the limits of integration for evaluating the triple integral of a function F(x, y, z) over 

the region D. 
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Solution:  

The region under the sphere that lies above the plane z = 3 is enclosed by the 

surfaces x2 + y2 + z2 = 25 and z = 3. 

To find the limits of integration, we first sketch the region, as shown in Figure. 

The “shadow region” R in the xy-plane is a circle of some radius centered at the origin. By considering a 

side view of the region D, we can determine that the radius of this circle is 4; see Figure a. 

If we fix a point (x, y) in R and draw a vertical line M above (x, y), then we see that this line enters the region 

D at the height z = 3 and leaves the region at the height 

z = √25 − 𝑥2  − 𝑦2; see Figure. This gives us the z-limits of integration. 
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To find the y-limits of integration, we consider a line L that lies in the region R, passes through the point (x, 

y), and is parallel to the y-axis. For clarity we have separately pictured the region R and the line L in Figure 

b. The line L enters R when y = -√16 −  𝑥2 and exits when y = √16 −  𝑥2. This gives us the y-limits of 

integration. 

Finally, as L sweeps across R from left to right, the value of x varies from x = -4 to x = 4. This gives us the x-

limits of integration. Therefore, the triple integral of F over the region D is given by 

 

 

Example: 

1) Set up the limits of integration for evaluating the triple integral of a function F(x, y, z) over the 

tetrahedron D whose vertices are (0, 0, 0), (1, 1, 0), (0, 1, 0), and (0, 1, 1). Use the order of integration dz dy 

dx. 

2) Find the volume of the tetrahedron D by integrating F(x, y, z) = 1 over the region using the order dz dy dx. 

Then do the same calculation using the order dy dz dx. 

Solution:  

1) The region D and its “shadow” R in the xy-plane are shown in Figure a. The “side” face of D is parallel to 

the xz-plane, the “back” face lies in the yz-plane, and the “top” face is contained in the plane z = y - x. To 

find the z-limits of integration, ix a point (x, y) in the shadow region R, and consider the vertical line M that 

passes through (x, y) and is parallel to the z-axis. This line enters D at the height z = 0, and it exits at height z 

= y - x. 

To find the y-limits of integration we again ix a point (x, y) in R, but now we consider a line L that lies in R, 

passes through (x, y), and is parallel to the y-axis. This line is shown in Figure a and also in the face-on view 

of R that is pictured in Figure b. The line L enters R when y = x and exits when y = 1. 

Finally, as L sweeps across R, the value of x varies from x = 0 to x = 1. Therefore, the triple integral of F 

over the region D is given by 
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Using the limits of integration, we calculate the volume of the tetrahedron as follows: 

 

 

Example: 

Find the volume of the region D enclosed by the surfaces z = x2 + 3y2 and z = 8 - x2 - y2. 

Solution: 

The volume is 

 

the integral of F(x, y, z) = 1 over D. To find the limits of integration for evaluating the integral, we first 

sketch the region. The surfaces (Figure) intersect on the elliptical cylinder x2 + 3y2 = 8 - x2 - y2 or x2 + 2y2 = 

4, z >0. The boundary of the region 

R, the projection of D onto the xy-plane, is an ellipse with the same equation: x2 + 2y2 = 4. The “upper” 

boundary of R is the curve y = √(4 −  𝑥2)/2. The lower boundary is the curve y =- √(4 −  𝑥2)/2. Now we 
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find the z-limits of integration. The line M passing through a typical point (x, y) in R parallel to the z-axis 

enters D at z = x2 + 3y2 and leaves at z = 8 - x2 - y2. 

 

 

 

3.4.2 Average Value of a Function in Space 

The average value of a function F over a region D in space is defined by the formula 
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Example: 

Find the average value of F(x, y, z) = xyz throughout the cubical region D bounded by the coordinate planes 

and the planes x = 2, y = 2, and z = 2 in the first octant. 

Solution:  

We sketch the cube with enough detail to show the limits of integration  (Figure). We then use Equation (2) 

to calculate the average value of F over the cube. The volume of the region D is (2)(2)(2) = 8. The value of 

the integral of F over the cube is 

 

 

3. Applications 

3.1 Masses and First Moments 

If δ(x, y, z) is the density (mass per unit volume) of an object occupying a region D in space, the integral of d 

over D gives the mass of the object. To see why, imagine partitioning the object into n mass elements like 

the one in Figure. The object’s mass is the limit 

 

For instance, the first moment about the yz-plane is the integral 
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The center of mass is found from the first moments. For instance, the x-coordinate of the center of mass is 

 

 

So the first moment about the y-axis is the double integral over the region R forming the plate of the distance 

from the axis multiplied by the density, or 

 

 

Example:  

Find the center of mass of a solid of constant density δ bounded below by the disk R: x2 + y2 ≤ 4 in the plane 

z = 0 and above by the paraboloid 

z = 4 - x2 - y2 (Figure). 
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Example:  

Find the centroid of the region in the first quadrant that is bounded above by the line y = x and below by the 

parabola y = x2. 

Solution:  

We sketch the region and include enough detail to determine the limits of integration (Figure). We then set d 

equal to 1 and evaluate the appropriate formulas from Table 15.1: 
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3.2 Moments of Inertia 

Moments of inertia (second moments) formulas 

 

 

Example: 
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Find Ix , Iy , Iz for the rectangular solid of constant density d shown in Figure. 

 

Solution: 

The formula for Ix gives 

 

 

 

Example: 

A thin plate covers the triangular region bounded by the x-axis and the lines x = 1 and y = 2x in the first 

quadrant. The plate’s density at the point (x, y) is d(x, y) = 6x + 6y + 6. Find the plate’s moments of inertia 

about the coordinate axes and the origin. 

Solution:  

We sketch the plate and put in enough detail to determine the limits of integration for the integrals we have 

to evaluate (Figure). The moment of inertia about the x-axis is 
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Similarly, the moment of inertia about the y-axis is 

 

Notice that we integrate y2 times density in calculating Ix and x2 times density to find Iy. Since we know Ix 

and Iy , we do not need to evaluate an integral to find I0; we can use the equation I0 = Ix + Iy from Table 

instead: 

 

 

 

 


